
Long-term frailty modeling using a non-proportional

hazards model: Application with a melanoma dataset

Eder A. Milani

Institute of Mathematics and Statistics, Federal University of Goiás

joint work with

Vinicius F. Calsavara and Eduardo Bertolli - A.C.Camargo

and Vera Tomazella - Des/UFSCar

June 05th, 2020.

Eder A. Milani (IME/UFG) June - 2020 1 / 44



1 Motivation

2 Our approach

3 Application

4 Simulation Study

5 Concluding Remarks

6 References

Eder A. Milani (IME/UFG) June - 2020 2 / 44



Motivation

Motivation

What is melanoma cancer?

Melanoma is a type of skin cancer. It can appear on any part of the body, on the skin or

mucous membranes, in the form of spots or signs.

It is the most serious type, due to its high possibility of causing metastasis (cancer

spread to other organs). The prognosis of this type of cancer can be considered good if

detected in its initial phase.
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Motivation

Motivation

Melanoma

According to the Brazilian National Institute of Cancer, about 6000 new cases of

melanoma were expected to be identified in 2018;

According to the International Agency for Research on Cancer, this number is about

7000;

An estimated 2000 deaths per year in Brazil are attributable to melanoma.
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Motivation

Motivation

Melanoma Cancer - Oncology Foundation of São Paulo (FOSP)

It is responsible for coordinating the Hospital Cancer Registry of the State of São

Paulo, Brazil;

FOSP is a public institution connected to the State Health Secretariat, which assists

in the preparation and implementation of healthcare policies in the field of Oncology.

A total of 76 Hospital Cancer Registries are active and every 3 months the records

send the datasets;
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Motivation

Motivation

Study

Retrospective cohort study (2000-2014) with follow-up conducted until 2018;

Patients diagnosed with melanoma in the state of São Paulo, Brazil;

Death due to cancer was defined as the event of interest.
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Motivation

Motivation

Retrospective cohort study (2000-2014)

A total of 7166 patients (without the information of which hospital the patient was

registered).

Event of interest

Death due to cancer (2067 patients).

Main goals

To assess the impact of surgery on cancer-specific survival;

To estimate the long-term survivors;

To estimate the unobservable heterogeneity.
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Motivation

Variable

1 x1− Surgery

0: No, n = 859 (12%), 1: Yes, n = 6307 (88%);

Clinical Stage

Clinical stages I and II correspond to the melanoma limited to the skin, which is

associated to a better prognosis;

These patients are normally treated with surgery and the great majority will be alive

after 10 years of follow-up;

Clinical stage III corresponds to nodal spreading of the melanoma, and in this

scenario surgery is routinely associated to radiotherapy and/or some modality of

systemic treatment;

Clinical stage IV corresponds to metastatic disease, which carries the worst prog-

nostic;

Even though several new modalities of treatment have been reported in the latest

years, treating these patients is still challenging.
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Motivation

Descriptive Statistics

Table 1: Number of death/censored by surgery.

Surgery

Outcome Yes No Total

Death 1561 (24.75%) 506 (58.9%) 2067 (28.9%)

Censored 4746 (75.25%) 353 (41.1%) 5099 (71.1%)

Total 6307 (100%) 859 (100%) 7166 (100%)

75% of the patients who underwent surgery were in clinical stages I or II;

65% of the patients who did not underwent surgery were in clinical stages III or

IV;

The maximum observation time was approximately 18.54 years and the median

follow-up time was 5.24 years.
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Motivation
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Patients treated with surgery have a better prognosis, as expected.

Note that the curves have a plateau (probably a long-term survivors).
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Motivation

How can we to evaluate the effect of the surgery?

A standard approach for analyzing survival data is to consider the semi-parametric

proportional hazards model (Cox, 1972);

One of its main advantages is the ease of interpretation, as long as the hazards rates

for two individuals do not vary over time.
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Motivation

Basic assumption for its use

Proportional hazards assumption

The hazards of two individuals at time t is related by a proportionality constant that

does not depend on t.

Usually fit a Cox model

Proportionality assumption by means of the Schoenfeld residuals (Schoenfeld, 1982);
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Motivation

Proportional hazards assumption - Melanoma dataset

Schoenfeld residuals

Time (years)

S
ta

nd
ar

di
ze

d 
S

ch
oe

nf
el

d 
re

si
du

al
s

0.24 0.69 1.3 1.9 2.9 4.3 6.5 10

−
5

−
4

−
3

−
2

−
1

0

Figure 1: Standardized Schoenfeld residuals+β̂ for the covariate surgery plotted from Cox

model fitted.

The proportionality assumption is questionable.
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Motivation

Violation of the proportional hazards assumption

If departures of such assumption are detected, there are a number of possible

workarounds;

1 Stratification;

2 Effects change over time (β ' β(t));

3 Non-proportional hazards model, etc.

As observed, we have a problem of non-proportionality and long-term survivors, as well

as just an unique covariate observed.

Our approach

We consider non-proportional hazards model;

Long-term survivors;

Frailty term to measure the unobservable heterogeneity.
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Our approach

Our approach

Generalized time-dependent logistic (GTDL) model

It was proposed by Mackenzie (1996)

h0(t; x1) = λ
exp

(
αt + x>1 β

)
1 + exp

(
αt + x>1 β

) ,
where λ > 0 is a scalar, α is a measure of the time effect, x>1 = (x1, . . . , xp), and

β>=(β1, . . . , βp) are the sets of covariates and their regression coefficients, respectively.

The ratio of the hazard function for two individuals, i and j

τ(t; x1i , x1j) =
h0(t; x1i )

h0(t; x1j)
=

1 + exp
(
αt + x>1jβ

)
1 + exp

(
αt + x>1iβ

) exp
[
(x1i − x1j)

> β
]
.

The time effect does not disappear and hence the non-proportionality becomes evident.

Eder A. Milani (IME/UFG) June - 2020 15 / 44



Our approach

Generalized time-dependent logistic (GTDL) model

According to Mackenzie, 1996

GTDL model is neither a proportional hazards model nor an accelerated life model;

It will approach the proportional hazards model when [1 + exp(αt + x>1 β)] ≈ 1;

When this condition holds, the estimates of the regression parameters β should be

similar in both models.
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Our approach

Monotone failure rates - GTDL model
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Figure 2: Baseline hazard (left panel) and survival (right panel) functions from the GTDL

model.

When α > 0, the hazard function is increasing; when α < 0 it is decreasing, and when

α = 0 the hazard function is constant over time.
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Our approach

Long-term survivors

Survival function

S(t|λ, α,β) =

{
1 + exp(αt + x′β)

1 + exp(x′β)

}−λ/α
.

Long-term survivors

It is calculated as the limit of the survival function when α < 0, given by

p(x1) = lim
t→∞

S0(t; x1) = lim
t→∞

[
1 + exp(αt + x>1 β)

1 + exp(x>1 β)

]−λ/α
=

[
1 + exp(x>1 β)

]λ/α
∈ (0, 1).

Eder A. Milani (IME/UFG) June - 2020 18 / 44



Our approach

Long-term survivors

Advantage:

The GTDL model has the advantage of allowing a cure rate without requiring extra

parameters, as in traditional cure rate models;

An additional advantage over cure rate models is that it does not make assump-

tions about the existence of the cure rate.

Disadvantage:

The parameter α is the same when a group variable is considered;

The GTDL model does not provide a reasonable parametric fit for modeling phe-

nomenon with non-monotone failure rates.
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Our approach

GTDL frailty model

The concept of frailty provides a convenient way of introducing unobserved heterogeneity

and associations into models for survival data.

GTDL Frailty Model

hi (t; x1i , vi ) = vih0(t; x1i , vi ) = vi
λ exp

(
αt + x>1iβ

)
1 + exp

(
αt + x>1iβ

) ,
interpreted as the conditional hazard function of the ith individual given the frailty term

(random effect) vi , which is characterized as the frailty of ith subject.

The role of frailty in the univariate time scenario is to measure a possible heterogeneity

in order to identify the influence of covariates that were not incorporated into the

modeling or cannot be measured.
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Our approach

GTDL frailty model

GTDL Frailty Model

hi (t; x1i , vi ) = vih0(t; x1i , vi ) = vi
λ exp

(
αt + x>1iβ

)
1 + exp

(
αt + x>1iβ

) .
It is worth mentioning that

1 For vi > 1 the conditional hazard function increases;

2 It decreases for vi < 1;

3 When vi = 1, the frailty model reduces to the GTDL model (without frailty).

Frailty distribution

Natural frailty distribution candidates are supposed to be non-negative, continuous,

and time independent;

Gamma, log-normal, inverse Gaussian, positive stable, and power variance function

(PVF) distributions, among others.
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Our approach

GTDL frailty model

Marginal survival function

S(t; x1) = EV [S(t; x1, v)] =

∫ ∞
0

S(t; x1, v)fv (v)dv = Lv [− log S0(t; x1)] ,

where fv (·) is the probability density of the corresponding frailty distribution, S0(·) is the

baseline survival function, and Lv [·] denotes the Laplace transform of frailty distribution.
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Our approach

GTDL gamma frailty model

Laplace transform of the gamma(1/θ, 1/θ) - This parametrization is considered to

obtain E(V ) = 1 and V(V ) = θ.

Lv [− log S0(t; x1)] = [1− θ log S0(t; x1)]−1/θ.

Survival function

S(t; x) =

[
1 +

λθ

α
log

(
1 + exp(αt + x′β)

1 + exp(x′β)

)]− 1
θ

.
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Our approach

GTDL gamma frailty model

Hazard function

h(t; x) =
λ exp(αt + x′β)[

1 + λθ
α

log
(

1+exp(αt+x′β)
1+exp(x′β)

)]
(1 + exp(αt + x′β))

.

The hazard function takes unimodal and decreasing forms.

Long-term survivors (α < 0)

p(x) = lim
t−→∞

S(t; x)

=

[
1 +

λθ

α
ln

(
1

1 + exp(x′β)

)]−1
α

∈ (0, 1).
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Our approach

GTDL PVF frailty model

Laplace transform of the PVF(1, 1/θ, γ) - This parametrization is considered to obtain

E[V ] = 1 and V[V ] = θ

Lv [− log S0(t; x1)] = exp

[
1− γ
γθ

(
1−

{
1 +

θ

(1− γ)
[− log S0(t; x1)]

}γ)]

Survival function

S(t; x1) = exp

[
1− γ
γθ

(
1−

{
1 +

λθ

α(1− γ)
log

[
1 + exp(αt + x>1 β)

1 + exp(x>1 β)

]}γ)]
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Our approach

Hazard function

h(t; x1) = h0(t; x1)

{
1 +

λθ

α(1− γ)
log

[
1 + exp(αt + x>1 β)

1 + exp(x>1 β)

]}γ−1

,

where h0(·; x1) is the hazard function from the GTDL model.

It is evident that the hazard function depends on the time; consequently, the GTDL PVF

frailty model is also of non-proportional hazard.

Long-term survivors (α < 0)

p(x1) = lim
t−→∞

S(t; x1)

= exp

[
1− γ
γθ

(
1−

{
1−

λθ log
[
1 + exp

(
x>1 β

)]
α(1− γ)

}γ)]
∈ (0, 1).
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Our approach

Frailty models as special cases

The GTDL PVF frailty model is a flexible model in the sense that it includes other frailty

models as special cases.

Special cases

Note that the usual GTDL model is obtained as θ → 0.

GTDL gamma frailty model is obtained if γ → 0.

If γ = 0.5 the GTDL inverse Gaussian frailty model is derived.
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Our approach

Non-monotone failure rates
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Figure 3: Baseline hazard (left panel) and survival (right panel) functions from the GTDL PVF

frailty model.

An advantage of the proposed model over the traditional GTDL model is the ability

to accommodate various forms of the hazard function that can be used in a variety of

problems for modeling lifetime data.
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Our approach

Inference

Explanatory variables in the GTDL and GTDL PVF frailty

We also incorporate explanatory variables in the models through parameter α, unlike of

Mackenzie’s approach.

It is a more reasonable approach because it can directly reflect the effect of a

treatment.

For example

For some treatment A, if the treatment effect is good, then some patients will be cured

and the estimate for α will be α < 0; if the treatment is not sufficient, the estimate will

be α > 0.
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Our approach

Explanatory variables are incorporated in the model through the hazard function and the

time effect parameter α with a set of two-covariate vectors, x1 ∈ Rp and x2 ∈ Rq+1,

such that x> = (x>1 , x
>
2 ) ∈ Rw is a w -dimensional covariate vector, where w = p +q + 1.

Thus, to guarantee α ∈ R, we use an identity link function, such as

α(x2 i ) = x2
>
i α,

where x2
>
i = (1, x2i1 , x2i2 , . . . , x2iq ) and α> = (α0, α1, . . . , αq) are the sets of covariates

and their regression coefficients, respectively. In practice, the covariate vectors may be

the same, i.e., x = x1 = x2.

Comment

If the researcher has prior knowledge about the variables that can be associated to cure

rate, we suggest link this subset variables to the α parameter.
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Our approach

Let T > 0 be a random variable representing the time until the occurrence of the

event of interest;

Let δi be the censoring indicator variable, that is, δi = 0 if the data are censored

and δi = 1, otherwise;

D = (t, δ,X), where t = (t1, . . . , tn)> are the observed lifetimes, δ = (δ1, . . . , δn)>

are the censoring indicators, and X is a matrix containing the covariate information.

The likelihood function ϑ under noninformative censoring is expressed as

L (ϑ; D) ∝
n∏

i=1

h(ti ;ϑ, x1i , x2i )
δiS(ti ;ϑ, x1i , x2i ).

1 Maximum likelihood estimates (MLEs) of the parameters are obtained maximizing

numerically the log-likelihood function;

2 Asymptotic properties of the MLEs are need to build confidence intervals;

3 Delta method is used to estimate the error standard of p (long-term survivors).
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Application

Application - Melanoma Cancer Data (n = 7166)

Oncology Foundation of São Paulo (FOSP)

Retrospective cohort study (2000-2014) with follow-up conducted until 2018;

Patients diagnosed with melanoma in the state of São Paulo, Brazil;

Death due to cancer was defined as the event of interest.

Objectives

To assess the impact of surgery on specific survival;

To estimate the long-term survivors;

To estimate the unobservable heterogeneity.

Fitted models

GTDL model;

GTDL PVF frailty model and its special cases.
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Application

GTDL PVF model fitted

Table 2: MLE, standard error (SE), 95% confidence interval (CI), and AIC values obtained by fitting the GTDL and GTDL

PVF frailty models to the melanoma dataset.

Model GTDL model GTDL PVF frailty model

CI (95%) CI (95%)

Parameter MLE SE Lower Upper MLE SE Lower Upper

θ - - - - 1.033 0.284 0.476 1.590

γ - - - - 0.020 0.466 0.001 0.933

λ 1.058 0.061 0.939 1.178 1.345 0.139 1.072 1.618

α0 -0.607 0.037 -0.679 -0.535 -0.380 0.106 -0.588 -0.173

α1 0.430 0.039 0.354 0.505 0.252 0.092 0.072 0.433

β1 -2.432 0.074 -2.576 -2.287 -2.644 0.113 -2.865 -2.423

p0 0.299 0.018 0.263 0.334 0.293 0.020 0.254 0.333

p1 0.605 0.013 0.579 0.630 0.583 0.019 0.547 0.620

max `(ϑ) -7161.299 -7150.338

AIC 14330.598 14312.676

GTDL PVF frailty model

θ̂ = 1.033 there is a reasonable degree of unobserved heterogeneity.

γ̂ = 0.02 is closer to zero, which it indicates that a GTDL gamma frailty model

seems to be the better choice (special case).

Eder A. Milani (IME/UFG) June - 2020 33 / 44



Application

Table 3: MLE, standard error (SE), 95% confidence interval (CI), and AIC values obtained by fitting the GTDL Inverse

Gaussian and GTDL Gamma frailty models to the melanoma dataset.

Model GTDL Inv. Gaussian frailty model GTDL Gamma frailty model

CI (95%) CI (95%)

Parameter MLE SE Lower Upper MLE SE Lower Upper

θ 0.823 0.286 0.268 1.388 1.153 0.244 0.675 1.632

λ 1.260 0.104 1.055 1.465 1.418 0.126 1.171 1.666

α0 -0.476 0.047 -0.567 -0.384 -0.358 0.061 -0.477 -0.239

α1 0.333 0.043 0.249 0.416 0.237 0.054 0.132 0.341

β1 -2.583 0.091 -2.762 -2.404 -2.701 0.099 -2.895 -2.507

p0 0.303 0.019 0.266 0.340 0.290 0.020 0.251 0.329

p1 0.595 0.016 0.563 0.627 0.579 0.018 0.543 0.616

max `(ϑ) -7154.150 -7150.065

AIC 14318.300 14310.130

The estimated time effects from GTDL gamma frailty model were (α̂ < 0)

α̂0 = −0.358; CI(95%) = [−0.477;−0.239] - No: surgery group;

α̂0 + α̂1 = −0.121; CI(95%) = [−0.153;−0.089] - Yes: surgery group.

These estimates evidence that the time effect is not the same in both groups.
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Application

continue

As the time effect is negative (α), the model suggests that there is long-term survivors in

each group.

GTDL gamma frailty model

p̂0 = 0.29, CI(95%) = [0.251; 0.329] - No: surgery group;

p̂1 = 0.579, CI(95%) = [0.543; 0.616] - Yes: surgery group;

β̂1 = −2.701, CI(95%) = [−2.895;−2.507] a significant effect of treatment

(surgery) in the lifetime.

θ̂ = 1.153, CI(95%) = [0.675; 1.632] there is a reasonable degree of unobserved

heterogeneity;

We thus tested the suitability of the frailty term in the GTDL model using a modified

likelihood ratio test. We obtained Λ = 40.936 (p-value< 0.0001), which provides evidence

in favor of the inclusion of the frailty term.
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Application

0 5 10 15 20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Time (years)

S
ur

vi
va

l F
un

ct
io

n

Treatment received

No surgery
Surgery

Model

GTDL
GTDL frailty

0 5 10 15 20

0.
0

0.
2

0.
4

0.
6

0.
8

Time (years)

H
az

ar
d 

fu
nc

tio
n

Treatment received

No surgery
Surgery

Model

GTDL
GTDL frailty

Figure 4: Left panel: Estimated survival curve obtained via Kaplan-Meier (black line) for

melanoma dataset, and estimated survival function according to GTDL (red line) and GTDL

gamma frailty models (green line). Right panel: Estimated hazard function according to GTDL

model and GTDL gamma frailty model.
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Simulation Study

Simulation Study - Part I

In our simulation study, we fixed the parameter γ → 0 (GTDL gamma frailty model) for

all fitted models in order to corroborate with the results obtained in the application.

We considered

α(x) = α0 + xα1, x = 0, 1;

X values drawn from a Bernoulli distribution with parameter 0.5;
1. GTDL PVF frailty (α0, α1, λ, β1, θ):

a. (−0.36,−0.24, 1.4,−2.7, 1.1);

2. GTDL frailty (α0, α1, λ, β1):

b. (−0.6, 0.4, 1,−2.4);
n = 50, 300, 5000; 1000 random samples for each scenario.

We computed

Biases, root mean square errors (RMSEs) and coverage probabilities (CP).

All analyzes were performed with the R software.
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Simulation Study

Table 4: Bias, RMSEs, SDs of the maximum likelihood estimates, and empirical coverage probabilities (CPs) of 90% and

95% confidence intervals for the simulated data.

GTDL model GTDL frailty model

α0 α1 λ β1 α0 α1 λ β1 θ

n −0.6 0.4 1 −2.4 −0.36 −0.24 1.4 −2.7 1.1

Bias -0.025 -0.071 0.047 0.063 -0.071 -0.390 0.134 0.015 -0.139

50 RMSE 0.206 1.713 0.340 0.727 0.235 1.277 0.818 1.171 0.985

CP(90%) 0.902 0.919 0.894 0.914 0.915 0.953 0.868 0.939 0.805

CP(95%) 0.941 0.962 0.925 0.965 0.956 0.980 0.912 0.980 0.837

Bias -0.006 0.001 0.011 0.001 -0.020 -0.020 0.010 0.020 -0.063

300 RMSE 0.070 0.080 0.125 0.254 0.088 0.193 0.284 0.409 0.471

CP(90%) 0.917 0.892 0.915 0.891 0.905 0.911 0.907 0.909 0.910

CP(95%) 0.956 0.942 0.959 0.948 0.945 0.959 0.950 0.955 0.945

Bias -0.001 0.001 0.001 0.001 -0.002 0.000 0.001 0.003 -0.006

5000 RMSE 0.017 0.018 0.032 0.061 0.021 0.039 0.073 0.099 0.122

CP(90%) 0.906 0.904 0.903 0.908 0.904 0.917 0.896 0.902 0.901

CP(95%) 0.960 0.949 0.951 0.953 0.958 0.962 0.944 0.952 0.950

As the sample size increases, the bias and RMSEs decreased to 0 as the sample size

increased.

Empirical CPs for all parameters appeared to be reasonably close to the nominal

level with increasing sample size, regardless of model.

Under the GTDL gamma frailty model, the empirical CPs for λ and θ were below

than the nominal level for n = 50.
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Simulation Study

Simulation Study - Part II

Sensitivity of the models

To evaluate the sensitivity of the model in to identify correctly an α < 0 when in

fact there is an immune group.

We conducted a simulation considering several values of sample size and cure rates

p = {0.01; 0.03, 0.045, 0.11, 0.20}

n = 50, 100, 150, 200, 300, 400, 500, 1000.

For each dataset simulated, we fitted the models and then based on 1000 datasets we

calculated the percentage of cases in which estimates of α were less than zero.
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Simulation Study

Simulation Study - Part II

Table 5: Percentage of cases in which estimates of α are less than zero when in fact there is a long-term survivors group.

Sample size

Model Cure rate fixed 50 100 150 200 300 400 500 1000

0.20 99.7 100 100 100 100 100 100 100

0.11 92.9 98.8 100 100 100 100 100 100

GTDL 0.045 83.3 93.0 96.9 99.6 99.8 100 100 100

0.03 79.5 89.2 96.3 98.8 99.5 99 100 100

0.01 71.2 83.9 91.4 96.2 98.6 99.1 99.5 100

0.20 99.2 99.9 100 100 100 100 100 100

0.11 93.2 99.3 100 100 100 100 100 100

GTDL frailty 0.045 62.9 83.9 93.2 96.7 99.4 99.7 100 100

0.03 52.6 73.4 84.2 90.7 96.2 98.0 99.4 100

0.01 30.8 40.3 49.5 56.4 62.2 70.1 73.8 87.8

As expected

The percentages (model correctly identifies the cure fraction, i.e., α < 0) increased

with the sample size and cured rate fixed;

As cure probabilities decreased, the GTDL gamma frailty model had difficulty in

identifying an immune group.
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Concluding Remarks

Concluding Remarks

We considered the GTDL model with a PVF frailty term for right-censored data

with the potential existence of a long-term survivors in the population;

The inclusion of a frailty term in the hazard function enables the quantification of

unobserved heterogeneity by means of the parameter θ;

An advantage of the studied model over alternatives is that it does not make as-

sumptions about the existence of the cure rate;

This makes the model flexible and applicable to situations with and without cure

fractions.
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Concluding Remarks

A simulation study was conducted to illustrate frequentist properties of the MLE of

the parameters, where the bias and RMSE values appear reasonably close to zero

as sample size increases;

The simulation study showed that the GTDL frailty model is not indicated for small

(n ≤ 150) samples;

The practical relevance and applicability of the proposed model was demonstrated

in a real dataset.
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